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ABSTRACT
Assemblies of anisotropic particles commonly appear
in studies of active many-body systems. However, in two
dimensions, the geometric ramifications of the finite den-
sity of such objects are not entirely understood. To fully
characterize these effects, we perform an in-depth study
of random assemblies generated by a slow compression
of frictionless elliptical particles. The obtained configu-
rations are then analysed using the Set Voronoi tessel-
lation which takes the particle shape into the account.
Not only that we analyse most scalar and vectorial mor-
phological measures, which are commonly discussed in
the literature or which have been recently addressed in
experiments, but also systematically explore the correla-
tions between them. While in a limited range of param-
eters similarities with findings in 3D assemblies could be
identified, important differences are found when a broad
range of aspect ratios and packing fractions are consid-
ered. The data discussed in this study should thus pro-
vide a unique reference set such that geometric effects
and differences from random assemblies could be clearly
identified in more complex systems, including ones with
soft and active particles that are typically found in bio-
logical systems.
INTRODUCTION
Assemblies generated by a finite stochastic process are
considered to be random [1]. They are found in a num-
ber of systems including living matter, liquids, granu-
lar media, glasses and amorphous solids [2, 3]. In the
attempt to reproduce experimentally observed arrange-
ments [4–7], a variety of different algorithms to generate
such structures were developed over the last decades [8–
12], somewhat reflecting the lack of a unique definition of
random assembly. It is therefore natural that significant
efforts were invested into identifying formally particular
states, an example of which is the maximally random
jammed state [1, 13]. Furthermore, particular attention
was devoted to modeling the state diagrams [14–16], and
c)b)a)
Figure 1: Random assemblies of ellipses. a) Ellipses
with the elongation e = 3.33 at a packing fraction of
φg = 0.5 b) Ellipses with e = 2 at φg = 0.8 c) Set
Voronoi diagram built from the shapes of the generating
ellipses with aspect ratio e = 3.33 at packing fraction
φg = 0.2, clearly demonstrating the non-polygonal
nature of of the tessellation.
other properties of random assemblies, including corre-
lations between neighboring particles [17, 18], often as
a function of the system’s dimension, shape of typically
hard particles, the assembly packing fraction, and dis-
persivity [14, 16, 19–22].
A common approach to investigate random assemblies
is to calculate and study properties of the Voronoi cells
generated from the shapes of the particles. In the ab-
sence of long-range interactions between particles, it was
demonstrated that the so-called Minkowski functionals
provide a useful set of structure metrics to characterise
the morphology, which are endowed with some complete-
ness with respect to additive properties [23]. Interest-
ingly, for a broad range of systems, a subset of measures
consisting of selected Minkowski scalars (area, perime-
ter, mean curvature) and tensors (moments of inertia)
capture the bulk of the information about the assem-
bly [24, 25]. This approach lead to the understand-
ing that in assemblies of circles at high packing frac-
tions (where crystalline order is expected at zero tem-
perature), quenching yields glassy states with a number
particles having five and seven neighbours [26]. Latter,
in hard-sphere systems the number of contacts was cal-
culated as a function of packing fraction [18], and the
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Figure 2: Validation of the sampling procedure. a) Convergence of the sample size is achieved for sample size
m > 1000. b) Distributions of cell area for packings generated with different growth rate do not statistically differ
(characteristic p-value between 0.39 and 0.96). c) Distributions of data collected cumulatively (blue line) using all
cells from 25 samples of assemblies with 200 ellipses (total of 5000 cells) data) and by sampling of one random cell in
from each of 5000 samples of assemblies of 200 ellipses (red dashed line). The comparison of the two approaches
shows no statistically significant difference (Kolmogorov-Smirnov test p-value = 0.7).
maximally random jammed packings was fully charac-
terized [27]. Minkowski functionals were furthermore ap-
plied for quantifying structural similarity of crystalline
patterns, and used in an accurate identification of the or-
dering transition and the random close packing limit,[28]
the later found to be higher than previously determined
[29, 30].
A number of studies have focused on distributions of
various morphological measures characterizing the re-
spective Voronoi cells, the properties of which are im-
posed by nature of the protocol that produces the assem-
bly. For example, distributions of Voronoi cell volume,
area, perimeter and number of neighbours generated by
the Poisson [31, 32] and more ordered point processes in
2D and 3D [33], were found to be well represented by
the Gamma distribution. The cell volumes of monodis-
perse spheres at low packing fractions also follow the
Gamma distribution, while at higher packing fractions
the distributions were more narrow and symmetric. The
appearance of the Gamma distribution was supported
by a theoretical finding that maximizing the entropy of
the Voronoi cell volume in random assemblies of spheres
in 3D resulting in cell volume distributions which are a
rescaled gamma distribution, the so-called k-gamma dis-
tribution [34].
While the analysis of distributions of morphological
measures is necessary to understand of a typical shape of
cells in the assembly, it does not provide any information
about the organization of these cells[35, 36]. Understand-
ing the relationship between the geometry and topology
of the assembly actually requires the analysis of correla-
tions between various measures and the number of neigh-
bours [37, 38]. While second order correlations between
the mean of several morphological Voronoi cell measures
and the number of neighbours were discovered in tessel-
lations generated from Poisson points [33], most works so
far focused on first order correlations. Perhaps the most
famous examples of the latter are the Lewis’ [39–42] and
the Desh’s [43, 44] laws, predicting a linear increase of
the average area and the perimeter of cells with a partic-
ular number of neighbours, respectively. Both, of these
relationships suggest that large cells have a tendency to
have more neighbours, compared to small cells. Further-
more, the fact that cells with fewer neighbours tend to
have neighbours with more sides is captured by the so
called Aboav-Weaire’s law [45–47]. This law was found
to change for the diffusion limited colloidal aggregation
to an inverse square-root dependence [48, 49]. However,
the validity of the Lewis, Desh’s and Aboav-Weaire’s law
was confirmed in a number of systems including biologi-
cal tissues [39, 42, 50–54], foam structures [55–57], grain
distribution of 2D polycrystalline films [58, 59], and even
in the analysis of the polygonal networks on Mars surface
[60].
Here we focus on random assemblies of monodisperse
ellipses and systematically scan the whole range of pack-
ing fractions and shapes of generating bodies (Fig. 1a
and 1b). We calculate a number of morphological mea-
sures of Voronoi cells, including the most usually stud-
ied area A, perimeter P , and the number of neighbours
(n). Motivated by the recent work on phase transitions
in polygonal networks [61], the mean area of all assem-
blies is kept constant. Moreover, inspired by the previous
work on Minkowsky functionals [24, 25], we use elonga-
tion E to capture anisotropic effects, along with the stan-
dard deviation in the contact length (SCL). To explore
the centrality of the generated assemblies, we investigate
the distance of between the center of mass of the gener-
ating ellipse and the center of mass of the Set Voronoi
cell CMD [62]. Last but not least, we introduce and
investigate the behaviour of rescaled measures in which
all lengths are rescaled by the square root of the area
3of the respective cell. The distributions and correlations
between measures are calculated as a function of pack-
ing fraction and the elongation of the generating ellipse,
which allows us to put the results obtained for assem-
bled ellipses in the context of hard spheres and Poission
points. By this we provide a comprehensive set of charac-
teristics for measures that are available by direct imaging
methods, and have been investigated in a broad range of
problems.
METHODS
Parameter space and image analysis
We characterize the shape of the particle by its aspect
ratio e, the latter being defined as the ratio between the
length of the longer and the shorter axis of the ellipse.
Accordingly, e is greater than 1 and adopts large val-
ues for elongated bodies and is equal to unity for circles.
We use monodisperse particles with e = 3.33, 2, 1.25, 1 to
generate assemblies with global packing fractions φg =
0.2, 0.35, 0.5, 0.65, 0.8 before jamming (typical examples
shown in Fig. 1a, 1b and ESI,†Figs. 1-5). When comput-
ing Voronoi tessellations we use the so-called Set Voronoi
tessellation [63, 64], also known as navigational map or
as tessellation by zone of influence. This definition deter-
mines the Voronoi tessellation taking particle asphericity
and shape into account. Cells are defined by proximity
to the particle bounding surface, rather than the particle
center. The Voroni cell V (Ei) of particle Ei is the region
of space defined as follows:
V (Ei) = {r ∈ R2|d(r, Ei) ≤ d(r, Ej),∀j 6= i, j ∈ {1, . . . , n}}
(1)
where d is the Euclidean metric. Voronoi cell of i-th
particle V (Ei) contains all points l in plane that are closer
to i-th particle than to any other particle j from the set
of n particles. The result of this tessellation are Voronoi
cells with edges that can adopt arbitrary curvatures (Fig.
1c).
All morphological measures are extracted from output
of simulations using the procedure described in [63].
Generation of assemblies and sampling procedure
To generate random assemblies we use a slightly modi-
fied algorithm originally developed by Delaney et al. [9].
Initially, a chosen number of ellipses (200) are reduced
to 20% of their actual area and are randomly placed into
the simulation box. If there is overlap between ellipses,
one ellipse is randomly chosen (equal probability for each
member of the set), and a random translation and rota-
tion is performed. The translation is defined by a vector
whose length is drawn from the uniform distribution on
the interval [− b2 , b2 ] where b is semi-minor axis of the el-
lipses at full size. Translations in x and y directions are
executed independently. The value of the rotation angle
is a random variable, drawn from is drawn from the uni-
form distribution on the interval [0, pi]. The movement (2
translations + rotation) is accepted if the total overlap
decreases or stays the same. The procedure is repeated
until the total overlap is 0 (minimal significant value in
double floating precision arithmetics), when all ellipses
are simultaneously dilated by 0.5% of their final size. If
the total overlap caused by the growth is greater than 0,
then translations and rotations of ellipses are repeated
until the overlap vanishes again.
All simulations are performed with periodic boundary
conditions and with the simulation box of the predefined
resolution. This ensures that the mean area of Voronoi
cells is constant for all data and, hence, that morpholog-
ical measures are all calculated with the same accuracy,
irrespective of the choice of parameters e and φg.
Convergence of the sample is achieved after generat-
ing 25 assemblies containing 200 ellipses (Fig. 2c), which
provides distributions with 5000 entries. We find that
the assemblies are by and large insensitive to the growth
rate of the ellipses (Fig. 2b) as well as to details of
distributions from which translations and rotations are
generated. Notably, this is different to the Lubachevsky-
Stillinger algorithm where the growth rate tunes the final
packing density. Last but not least, we verify that it is
identical to draw 5000 times one randomly chosen cell
from 5000 realizations of the system containing 200 el-
lipses (so-called random sampling) as it is to use all cells
in the 25 assemblies to achieve the same sample size (Fig.
2a).
Statistical analysis
From each tessellation, for a number of continuous
measures K (such as the area, perimeter and others),
we construct a sample k = {ki, i ∈ {1, . . . ,m}, ki ∈ R},
where k is a 1D array containing information on the mag-
nitude ki of the measure K for each cell denoted by the
index i. Each measure is then probed with the general-
ized gamma density function f(ki|θ)
f(ki|θ) = τ
λΓ(α)
(ki − k0
λ
)ατ−1
e−(
ki−k0
λ )
τ
1[k0,+∞>(ki),
(2)
which is parametrized by θ = (α, τ , λ) ∈ R3+ , and k0 ∈
R. Here, Γ(.) denotes a Gamma function. With τ = 1
one recovers the usual Gamma distribution, α = 1 give
the Weibull distribution, while α = τ = 1 provides an
exponential distribution. Applying eq. 2 to distributions
obtained in simulations, therefore, allows us to identify
the distribution from a fit. For the number of neighbors
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Figure 3: Characteristics of Voronoi cell area and perimeter. a) Cell area distributions. Insert shows coefficients of
variation of cell area distributions. b) Cell perimeter distributions. Insert shows coefficients of variation of cell
perimeter distributions. c) Standardized distributions of the local packing fraction. Distributions overlap at packing
fractions φg = 0.5, 0.65 with p-value ∈ [0.02, 0.97] d) Standard deviation of the distribution of the local packing
fraction and cell perimeters are shown in the upper and lower panel, respectively, as a function of the global packing
fraction, for different shapes of ellipses.
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Figure 4: Correlations between cell area and perimeter. a) Scatter points displaying cell perimeters as a function of
their area are shown for fixed packing fraction φg = 0.65, and b) for a fixed aspect ratio e = 2. Each cell is
represented by one point. The line represent the dependence of the perimeter of a hexagon as a function of its area
Phex = (8
√
3Ahex)
1/2, calculated with the same resolution as the Voronoi tessellations. c) Map of the Pearsons
correlation coefficient for the available global packing fractions and and shapes of packed particles.
m, which is a discrete variable, the distribution is calcu-
lated following P(n) = P(Y ∈ 〈n− 0.5, n+ 0.5]), n ∈ N,
where Y is a random variable with the continuous distri-
bution.
In all cases, the fit relies on the maximum likelihood
estimator (MLE), denoted by θˆ
θˆ = max
θ∈R3+
L(θ) where L(θ) =
m∏
i=1
f(ki|θ). (3)
The MLE can be considered as an estimator which maxi-
mizes the probability of obtaining sample k over the para-
5metric space R3+. The goodness of the fit is tested with
Pearsons-χ2 test (least squared method relative to esti-
mated density function) while equality of distributions is
tested by Kolmogorov-Smirnov test, both at confidence
level of 0.01.
By denoting the mean of the set as
k¯ = m−1
m∑
i=1
ki, (4)
it is possible to determine the so-called Pearsons coeffi-
cient ρ which quantifies correlations between morpholog-
ical measures K and H represented by samples k and
h
ρ =
m∑
i=1
(ki − k¯)(hi − h¯)√
m∑
i=1
(ki − k¯)2
√
m∑
i=1
(hi − h¯)2
(5)
This is particularly meaningful when the relation between
two measures is linear.
RESULTS
Distributions and correlations between Voronoi area
and perimeter
We first analyse distributions characterized by their
mean µ and standard deviation σ, of the areas and
perimeters of Voronoi cells for all generated assemblies
(Fig. 3). We find that generalized gamma distribution
(Equation 2) fits Voronoi cell area nicely with parame-
ter τ ≈ 1 for most packings at packing fractions below
0.8. Therefore, we set parameter τ = 1 in our fits and in
agreement with previous work on cell area distributions
emerging from a Poisson process [31, 32, 34, 65], and ellip-
soidal assemblies in 3D [66, 67], find gamma distributions
in the bulk of the phase space (φg < 0.8 and all e). In this
regime the χ2 test typically gives p-values significantly
larger than 0.1 and deviations between the fit and the
sampled distributions have no structure (see ESI,†Figs.
6-10 for details). Importantly, this level of significance
is obtained only if all parameters of the Gamma distri-
bution fit (α,λ,x0), are left free, allowing α not adopt
integer values suggested previously [34]. Notably, how-
ever, 99% of the data fall within one order in cell area
magnitude.
Significant deviations from the Gamma distributions
are, nonetheless, found for disks at packing fractions close
to the jamming transitions (e.g φg = 0.8 in Fig. 3 and
SI-Fig.10c,d ), the latter expected at φg = 0.82 ± 0.02
[29]. In this regime, the nature of the emergent distribu-
tions could not be determined with statistical accuracy,
presumably because of the appearance of locally ordered
domains in the assembly (blue arrow in ESI,†Fig. 5d).
While by construction all distributions have the same
mean, the increase of the global packing fraction re-
sults in more narrow distributions (Fig. 3a), with the
shape of packed ellipses having no significant effect be-
low φg = 0.8. This is also evident from the inspection
of the coefficient of variation (σ/µ), shown in the inset
of Fig. 3a, which linearly decreases with φg, in a shape-
independent manner.
Similarly to cell area, and as found for the Poisson
process [31, 32], the distribution of Voronoi cell perime-
ters are also characterized by the Gamma distribution
(see ESI,†Figs. 11-15 for details). However, in this case,
the shape of the ellipses strongly affects the mean and
the width σ of the distribution already at global packing
fractions above φg = 0.2. (Fig. 3b). Besides the narrow-
ing of the distributions with the increased global packing
fraction, we find that more elongated ellipses tend to have
cells with a greater perimeter on average. That can be
explained by the fact that at higher packing fractions,
the shapes of the cells gradually start to adopt the shape
of the generating ellipse. Nonetheless, the coefficient of
variation still manifests a shape-insensitive decay with
the increase in the global packing fraction (inset in Fig.
3b)).
While the distributions of area and perimeters provide
a notion of general geometrical properties of the assem-
bly, the variability in the local structure is characterized
by the distribution of local packing fraction (φl). The
latter is defined as a ratio of particle area AE and corre-
sponding Voronoi cell area AV [66]
φl =
AE
AV
, (6)
and reflects the local density of particles in the assembly.
For 3D assemblies of oblate ellipses, normal distribu-
tion was found as a good fitting model for the standard-
ized local packing fraction, the latter being is obtained by
first subtracting the distribution mean from each obser-
vation and then by dividing the result by the standard
deviation of the distribution. Remarkably, such distri-
butions were found to be invariant to packing fraction
and shape of the packed particles at packing fractions
φg ∈ [0.55, 0.72] in 3D [18], where jammed disordered
configurations form. In the current assemblies, similar
behaviour, yielding the overlap of standardized distri-
butions of the local packing fraction is observed only
for intermediate global packing fractions (see φg = 0.5
and 0.65 in Fig.3c). However, because local order pro-
motes cells with high local packing fractions (blue arrow
in ESI,†Fig 5d), standardized distributions become nega-
tively skewed at high φg (exemplified for φg = 0.8 in Fig.
3c). Naturally, these deviations from normality are more
pronounced for less elongated objects and disks.
At the lowest global packing fractions (φg = 0.2 in Fig.
3c), the standardized distributions of the local packing
fraction are positively skewed meaning there are more
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cells with a local packing fraction smaller than the aver-
age. Then, because of similarity between low-density el-
liptical assemblies and the Poisson point process, Voronoi
cell areas of ellipses which are close to each other are
greater than the average, while their local packing frac-
tion is lower (blue arrow in ESI,†Fig 1a).
The standard deviation of the distribution of local
packing fractions σ(φl), due to homogeneity of standard
deviation (σ(cK) = |c|σ(K),∀c ∈ R) and the fact that
our system is monodisperse becomes
σ(φl) = σ
(AE
AV
)
= AEσ
( 1
AV
)
. (7)
At small φg, the assembly adopts a structure similar to
that generated by a Poisson point process for which AE =
70. Hence, as φg → 0, σ(φl) → 0. On the other hand, at
high φg, as the maximum packing fraction is approached
where σ
(
1
AV
)→ 0, σ(φl) decays nearly linearly (Fig. 3d).
A maximum in the standard deviation of local pack-
ing fraction appears at at φg ' 0.35, at the crossover
between trends associated with these two limits. This
non-monotonous behaviour is contrasted by previously
reported continuous linear decay of σ(φl) as a function
of φg for assemblies of 3D oblate ellipsoids [18], although
that study considered only mechanically jammed ellip-
soid configurations, with a much smaller range of packing
fractions.
Unlike the distributions of the local packing fractions,
the standardized distributions of the perimeter are very
similar for all assemblies (ESI,†Fig 16b), hence a mono-
tonically decreasing standard deviation of the true dis-
tribution (Fig. 3d). The exception is the significantly
more positively skewed distribution for assemblies at high
packing fraction (e.g. φg = 0.8). This suggests that a
large number of cells associated with ellipse assemblies
at high packing fraction have perimeters smaller than
the average one, an effect that is most likely a result of
counterbalancing the appearance of a small number of
structural defects (holes), in a vicinity of which a small
number of cells have areas larger than the average (brown
arrow in ESI,†Fig 5d).
Besides studying individual properties of parameters
characterizing cells from the Voronoi construction, it is
important to understand the relation between these pa-
rameters. For example, a square root relation between
cell area and perimeter can be anticipated a priori. In-
deed, such dependence can be inferred from Fig.4a,b
where all data points follow the line showing the depen-
dence of the hexagon perimeter on its area. Naturally,
clouds associated with assemblies of more elongated ob-
jects have their center further away from this line. From
the shape of clusters, it is, however, evident that both
the global packing fraction and the aspect ratio of packed
particles have a substantial impact on the shape of the
cell characterized by the pair of measures. Specifically,
the width (although not the length)of the clusters in-
creases with increasing the elongation of generating par-
ticles, suggesting that there is larger diversity of Voronoi
cell shapes that can be found in a sample built from more
elongated objects (Fig. 4a). On the other hand, increas-
ing the global packing fraction (Fig. 4b) results in less
dispersed clusters, yet the centres of the cluster remain
basically at the same position. This suggest that phase
space of the accessible shapes simply continuously de-
creases as the density of ellipses increases. This result
could not be anticipated from the analysis of the distri-
butions of cell perimeters or areas alone.
Not surprisingly, strong positive correlation between
cell area and perimeter has been determined for all as-
semblies, simply because larger cells tend to have greater
perimeter. However, the correlations between A and P
decrease with increasing the global packing fraction and
the elongation of the particles. These results are con-
trasted by the correlations between the cell area and the
so called rescaled perimeters (square root of the isoperi-
metric ratio for each cell) (Fig. 5c). The later are di-
mensionless numbers calculated by dividing the original
perimeter of the cell with the square root of the its area.
In such a representation, the lower bound of the rescaled
perimeter is 3.54 which is the rescaled perimeter of a
circular object, while a hexagonal object would be have
a rescaled perimeter of 3.72. Interestingly, in most of
the parameter space, we find weak negative correlations
between the rescaled perimeter and the cell area, sug-
gesting that larger cells are more hexagonal than smaller
cells. This trend is clearly violated for disks packed at
high global packing fractions (top right corner of the cor-
relation matrix), where ordered domains, in which cells
with high local packing factions (cells smaller than av-
erage) adopt locally hexagonal structures (blue arrow in
ESI,†Fig 5d), occure.
Morphological measures of anisotropy
The scalar nature of the cell perimeters and area does
not allow for the direct inference of the anisotropy of the
cells emerging from the tessellation. Nonetheless, cast
into the rescaled perimeter, they may provide useful in-
sight. However, the most natural measure of anisotropy
is the cell elongation, which is a ratio of the two princi-
ple moments of inertia calculated under the assumption
of the uniform distribution of mass over the area. Fur-
thermore, the analysis of the tessellations in epithelial tis-
sues identified the standard deviation of contact lengths
(SCL) as a measure that reflects the anisotropy of the
tessellation [54]. Namely, because the contact length is
a section of the perimeter shared by two neighbouring
cells, and because the mean number of neighbours is ap-
proximately constant across the whole range of packing
fractions, more elongated Voronoi cells have both short
and long edges which yields the greater standard devia-
tion of contact lengths.
Further evidence that these three morphological mea-
sures all capture the anisotropy of Voronoi cells emerges
from the analysis of their correlations with the area (Fig.
5c). At low densities and high elongations of generat-
ing ellipses, the area and the elongation of Voronoi cells
are negatively correlated, while the opposite is true the
closer the shape of generating bodies become more disks-
like and the higher the concentrations.
In previous study on 3D ellipsoid assemblies, Schaller
et al found a complex dependence of the mean elonga-
tion of the Voronoi cells on the global packing fractions
[66]. Our results in 2D show similar trends (Fig.5a). As
the maximum packing fractions is approached for disks,
the Voronoi cells adopt more isotropic hexagonal shapes
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Figure 7: Distance between the center of the generating ellipse and the center of the Voronoi cell (CMD) as a
morphological measure of centrality. a) Distributions of CMD as a function of the packing fraction (indicated by
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resulting in a continuous decrease of mean elongation.
The opposite trend is found for highly elliptical objects,
suggesting that a t higher densities the shape of the cell
and the generating body become more alike. Actually, as
φg → 0, mean cell elongations approach value for Poisson
point process (≈ 1.71 in 2D), and as φg → 1, mean cell
elongation of Voronoi cells approaches the aspect ratio e
of packed particles (Fig.5b).
It is also interesting to discuss the relation between
the mean elongation and standard deviation of elonga-
tion, since recently, their linear interdependence was dis-
covered in epithelial tissues [68]. However, it was not
clear if this dependence is a result of an active regula-
tion or merely a consequence of assembly of cell nuclei
in a plane. In our random assemblies, we find that the
standard deviation of elongation systematically decreases
with the global packing fraction (at constant shape of the
packed objects). As the shapes approach e ' 1.71 from
above, the standard deviation decreases with the mean
elongation. However, once more circular shapes are used
to generate assemblies (e < 1.71), the standard deviation
increases as a function of mean elongation (assemblies are
more Poisson like), and a linear dependence is recovered,
as a property of the average shape of the packed objects.
Besides the first and the second moment, we also anal-
yse the functional form of true and standardized distribu-
tions of measures of anisotropy (Fig. 6 and ESI,†Fig. 16).
Naturally, with the increase of the global packing fraction
all distributions become narrower and the aspect ratio of
the packed ellipses starts to influence the distributions,
as discussed in the analysis of the mean and the variance
(Fig. 5). Standardized distributions of elongation have
the same features as the distributions of rescaled perime-
ters, which is further corroborating the relation between
these measures. Interestingly however, the standardized
distribution of the average contact lengths all become
Gaussian-like, except for disks at high densities (ESI,†Fig
16b,16d,16f).
Measuring cell centrality
Distance between centers of mass of Voronoi cells (CM-
distance) and their generating ellipses reflects the central-
ity in the assembly [62, 69, 70]. In fully disordered sys-
tems, example of which is the Poisson point process, the
distributions of CM-distance are wide (purple line in Fig.
7a). In most ordered systems, such a crystals, the centers
of objects and the centers of Voronoi cells coincide. In
this case the distribution of CM-distance distribution is a
delta function, and the tessellations are called centroidal
Voronoi diagrams. In random assembly of ellipses, the
global packing fraction seems to be the main determi-
nant of the of centrality of the assembly, evident by the
narrowing down of the distributions and the shift of the
mean towards the 0 value. From the correlation matrices
(Fig. 7b), furthermore, we observe positive correlations
of the CM-distance with cell’s area and perimeter, and no
correlation with the elongation, except for circles at high
packing fraction which can also be attributed to defects
in regular hexagonal assembly (Fig 5d brown arrow).
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Neighboring and the relation between geometry and
topology in assemblies of ellipses
The last measure that we analyse is the number of
neighbours of cells in assembly. The extracted distribu-
tions are well represented by the discrete version of the
gamma distribution except at high packing fractions were
the contribution of cells with less than five and more than
seven neighbours is negligible. This behaviour emerges
gradually with an increase of the global packing fraction,
due to the narrowing of otherwise systematically asym-
metric distributions (Fig. 8a). Actually, the number of
cells with 5 neighborus is statistically significantly larger
than the number of cells with 7 neighborus. Nonethe-
less, the difference is small, which may the the cause of
the disagreement with previous reports based on smaller
sampling.
We furthermore explore correlations with the number
of neighbours, which give insights on the relation between
the geometry and topology of the assembly. The most
studied example of such a correlations is the Lewis’ law
[39–41, 71] which describes a linear relationship between
the number of neighbours n, and the average area µA(n)
of a cell with n neighbours following
µA(n) = µA [1 + α(n− 6)] . (8)
Here µA is the average area of the cell in the assembly
and α is a constant.
A similar expression
µP (n) = µP [1 + β(n− 6)] , (9)
exists for the average perimeter µP (n) of cells with n
neighbours and is know as the Desh’s law [43, 44]. Both,
of these laws suggest that large, and inversely, small cells
have a tendency to have more or less neighbours, respec-
tively.
In assemblies of ellipses we observe that Lewis’ and
Desh’s laws (Fig. 8b,c) have a same range of validity.
This is of course promoted by the strong positive corre-
lations between the cell area and cell perimeter. Specifi-
cally, at low packing fractions and independent of particle
shape, strong linear dependence (e.g. e = 1 and φg = 0.2
in Fig. 8b) can be confirmed in agreement with previous
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reports [39, 40]. Indeed, it is possible to observe in those
assemblies that cells with more neighbours have on aver-
age greater cell area and perimeter (ESI,†Fig 1b,c). How-
ever, deviations from the Lewis’ and Desh’s laws is con-
firmed at intermediate packing fractions (φg = 0.5, 0.65),
where the data are more consistent with a quadratic,
rather than a linear relation (Fig. 8b,c). This second
order dependence was also predicted by calculating the
probabilities of establishing certain size and certain num-
ber of neighbours [71].
Interestingly, however, the average area and the
perimeter of the cell becomes, by and large, indepen-
dent of the neighbourhood for highly elongated particles
at high packing fractions (e.g. e = 3.33 and φg = 0.8
in Fig. 8b,c). Consequently, Lewis’ and Desh’s law are
recovered but with no statistically significant slope. This
effect is exemplified in SI. Fig. 5a showing an assembly
containing a cell with 8 and 4 neighbours, both having
nearly equal areas and perimeters. It is important to no-
tice that this result is a consequence of the set Voronoi
tessellation. Actually, liner dependence with a strong
slope is recovered for the center-of-mass based tessella-
tion performed on he same data set (ESI,†Fig. 17), as
suggested previously [39, 71].
The fact that cells with fewer neighbours tend to have
neighbours with more sides, and vice-versa is captured
by the so-called Aboav-Weaire’s law [45–47]
µm(n) = 6− γ + (6γ + σ2n)/n. (10)
It describes the correlation between n, and the average
number of neighbors of cellsm(n) adjacent to ones with n
neighbors. Here, σ2n is the second central moment of the
distribution of n, and γ is a constant that may decrease
as σ2n increases [72, 73], or may be independent of µ2 [60].
Current analysis shows a relatively large range of valid-
ity of the Aboav-Weaire’s law, with γ being independent
of σ2n (which decreases with φg), but sensitive to the elon-
gation of the packed ellipses (Fig. 8d). Deviations from
Aboav-Weaire’s law become more important for strongly
elongated packed objects at high packing fractions (cir-
cular symbols in the top panel of Fig. 8d). Furthermore,
for discoid shapes, strong departures from linearity are
observed for n > 8 (bottom panel of Fig. 8d). It is at
this stage not clear if this observation is a result of sample
size or a true nature of the assembly.
CONCLUSIONS
In this manuscript, we perform a systematic analysis
of assemblies of ellipses generated in a stochastic process,
over the entire parameter range of packing fractions and
elongations, including both fluid (non-static) states and
jammed (mechanically static) configurations. We focus
on the analysis of measures that have been in the past
used in experiments, and besides their distributions, we
analyse the correlations between various measures. Given
the fact that this analysis is focused only on 2D assem-
blies, in which the generating protocol does not play a
major role, the obtained results should posses a certain
level of universality. This is important not only because
the geometric nature of the assemblies is fully captured,
but also because the obtained trends may be particularly
useful in the analysis of experimental data in 2D. Namely,
strong correlations can be used as a criterion to focus on
a particular measure, which is easily accessible, knowing
that its distribution stores the same information as some
other.
In the performed analysis, we were able to link charac-
teristic behaviour of the distributions and correlations to
particular features of the assemblies. Several well known
results were recovered, validating our calculations. Con-
sistently with previous reports, we find that at low pack-
ing fraction, shape of the packed particles does not influ-
ence the structure of the assemblies while at the high
packing fractions morphology of the Voronoi cells de-
pends highly on the shape of the packed ellipses.
We can observe another interesting phenomenon that
is common to all morphological measures. Specifically,
all the standardized distributions at all packing fractions
overlap except for circle-like particles at high packing
fractions. The explanation for the previous event is that
packing fraction of 0.8 is in random close assembly of
circles range (φg = 0.82 ± 0.02 [29]) and therefore, sub-
stantial regularities in our systems start to show when
the packing fraction is at 0.8 or above.
We hope this work will provide a framework for the
analysis of assemblies with more complex interactions,
which are now starting to be investigated. This does not
refer only to assemblies of soft objects, but also active
particles [74–78]. In the latter case it is very important
to delineate the geometric effects of density and shape,
which have been meticulously studied herein, from the
effects of activity. By finding deviations from the results
presented in this manuscript, one could clearly identify
such features of the assemblies.
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